Introduction.
In this paper we deal with a weighted refinement integral which has as special cases the mean sigma integral due to H. L. Smith [l] and studied by R. E. Lane [2] , the interior refinement integral due to Dushnik [3] , and the left and right Cauchy refinement integrals. This integral is related under rather general conditions
to the Young refinement integral and hence to the Lebesgue-Stieltjes integral. We define our weighted refinement integral as follows. exists and is finite, this limit will be denoted by (1.5) [F, (wi, w2, ■ ■ ■ , wp)] ( f(x)dg (x) and will be called the (wu w2, • • • , wP)-weighted refinement integral of/ with respect to g on [a, 6] . In §2 we consider existence conditions for (1.5). First, we have two theorems which provide necessary conditions for the existence of (1.5) involving the behavior off(x) and g(x) as x approaches a point cQ [a, b) from the right. Analogous results hold for limits from the left. We then consider existence conditions for (1.5) when g is of bounded variation on [a, b] . We begin with a theorem which provides a sufficient set of existence conditions as well as a formula for (1.5) when/ is bounded and g is a saltus function on [a, b] . This is an extension of R. E. Lane's Theorem 3.1 in [2] . We next consider the case where g is a continuous function of bounded variation and / is bounded on [a, b] and present the result that the existence of (1.5) implies the existence of the Riemann-Stieltjes norm integral
We then relate (1.5) to the Young refinement integral
when/ is bounded and g is of bounded variation on [a, b] . In §3 we first present three theorems concerning integration-byparts for (1.5) when p = 3 and g is of bounded variation on [a, b] . From the third of these theorems we have the integration-by-parts type formula
•la "a given by J. S. MacNerney in [4] involving the Young refinement integral
and the interior refinement integral 2. Existence conditions. Throughout this section we assume that p is an integer such that p^2, that (wi, w2, • ■ ■ , wp) is an ordered p-tuple of real numbers such that Wi+w2+ ■ ■ ■ +wp=\, and that / and g are real-valued functions on the closed interval [a, b] of the real axis. 
Thus, (1.5) does not exist.
We also present the following necessary condition for the existence of (1.5). For brevity the proof is omitted. Theorem 2.2. Suppose wp?¿0. If there is a cE [a, b) such that g(c+) exists and is finite, such that g(c+) ^g(c), and such thatf does not have a finite right-hand limit at c, then (1.5) does not exist.
We now consider existence conditions for (1.5) when g is of bounded variation on [a, b] . First we present the following extension of Lane's Theorem 3.1 in [2] for the case where g is a saltus function. If there is an integer j satisfying Kj^p such that Wj^O, suppose f(x+) exists for all xQS+; if there is an integer j satisfying l^j<p such that Wj9*0, suppose f(x~) exists for all xQ §,~. Then, (1.5) exists and equals
Proof. Our argument is analogous to Lane's proof of his Theorem 3.1 in [2] . exists and equals 
The Riemann-Stieltjes norm integral RSN flf(x)d\y(x) exists.
Thus, RSN/* \y(x)df(x) exists and equals f(b)t(b) -f(a)t(a) -RSN f /(x)#(x).
J a Therefore (3.2) exists and (3.3) holds.
The result on integration-by-parts for the Lebesgue-Stieltjes integral given by H. Schärf in [ó] follows from Theorems 3.1 and 2.5.
Using a proof patterned after our proof of Theorem 3.1, we have the following result. 
The following result provides a quite simple integration-by-parts type formula and can also be established by using a proof patterned after our proof of Theorem 3.1. exists and equals (3.5) . /// and g satisfy the hypotheses of Theorem 3.1, then (3.7) exists and equals (3.5).
The next result provides a necessary condition for the existence of Finally, suppose (3.1) exists. Then (3.2), (3.4), awd (3.7) exist.
From Theorem 3.3 we have the integration-by-parts type formula (1.8) given by J. S. MacNerney in [4] involving the Young refinement integral (1.9) and the interior refinement integral (1.10) when one of the two functions/, g is of bounded variation and the other is quasi-continuous on [a, b] . In order to see this, we need Theorem 2.5 and the following result. • £Í £ I g(f.) -g(*»-i) I + £ | g(xù -g«"*) l} < t.
The weighted refinement integral (3.9) exists by Theorems 2.3 and 3.1. By the preceding paragraph, the Young refinement integral (1.9) exists and equals (3.9).
We conclude by generalizing MacNerney's result mentioned above for the case where the function/ is of bounded variation on [a, 6]. First we establish directly the following result concerning the Young refinement integral (1.9) and the interior refinement integral (1.10) when/ is a saltus function on [a, 6]. Theorem 3.7. Suppose f is a saltus function and g is bounded on [a, b] . Then (1.9) a«á (1.10) exist and the formula (1.8) holds.
Proof. Let jXj}j"t." be a sequence of distinct points of (a, b) containing all points of (a, 6) where/ is discontinuous.
Let M be a posi-tive real number such that | g(x)\ ^M for xE [a, b] . The Young refinement integral (1.9) exists and equals
Suppose €>0. Let « be a positive integer such that 
